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‘ THE COMPRESSIBILITY OF VITREOUS SILICA

Abstract

To explain the increase of compressibdility of vitreous
silica with nressure, it is assumed that there is a possibility
of bending of the Si-0-31 lines in the structure, Calculations
of network energies show that this 1s a reasonable assumption,
Because »>f the randomness of the glass structure, it is not
| possible at this time to get more than a qualitative agreement

between calculuted and experimental values,

£2troduction

Most ilonic crystals show a compressibility which decreases
with increasing pressure, This might be expected, since in the
absence 3f external oressure, the size of the crystal lattice
is such that the Coulomb forces between ions which, on the
whole, act to pull the lattice together and reduce interionic
distances are exactly balanced by the repulsive forces which
have appreciable value snly at very close distances and whose
magnitude varies inversely es a very ~much higher power of the
interionic spacing than the second power obeyed by the Coulomb

forces, Under increasing pressure, as the iosns are forced
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together, these repulsive forces increase very rapidly and it
becomes increasingly difficult to decrease the spacing. 1In
other words, the comrressibility decreaces,

Measurements by Bridgmam* have shown that the commressibility
of silica glass increases with increasing pressure, This means
that it is unlikely that the deformation consists entirely of
a decrease of all interionic cistances by the sama ratio since
this would bring increasingly into nlay the hiszh power repulsive
forces which wouvld bring about a decrease in compressibility,

We mvst look, therefore, for some other mechanism. According

to the usual ideas on the structure of vitreous silica the
structure is rather spen with nunzerous empty spaces, This
structure mizht allow a straizht line, orizinally connecting
three adjacent i-ns, to bend under the action of pressure,

In particular, osne mizht expect the line Si-0-oi which according
to wWwarren's X-ray work is or anproaches a straisht line to

bend sli~zhtly in the middle, It was .n an attemnt t» find out
if this is a reasonable ex-~lanationthat the following calcula-

tions were undertalen,

Cxplanatisn of Method

While there 1s good evidence for some cezree of covalent

binding between silicon and oxyzen, it was felt to be worth-

*Robert B, Sosman, The Properties of Silica, The Chemical
Catalog Co,, Inc,, New York, 1927,



S e . —_—

-3-

while to investizate the effect usinz a purely ionic model

to find out if consideratisn of central forces only is suffi-
cient t» explain, at least qualitatively, the behavior of
vitreous silica under compression,

As will be shown, within the limits of the assurmtions
made, it is pnssible to calculate the enerzy of the network
by consiceriny the distance between each i»n and every other
ion and the nature >f the attractinn or repulsion between each
pair,

To find the equilibrium state at zers external pressure,
we choose those values of the interionic sracings which make
the eneriy a ninimum, Under the action of external pressure,
we assume so>me definite smaller volume and calculate the inter-
ionic snacinis again to ~ive tihe minimum energy for this com-
pressed state, Thi3 new minirum will be ;s;reater than the
cner~y for zero external pres.ure; from the relations between
this new energy and its corresnondiny volume, it .s rsssible,

as will be shown, to calcvlate the pressure required to »nro-
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duce this state and hence to calculate the cH=pressibility,

On the basis of these ener:y calculations alone, it is
posslible to decide, for each compressed state, whether minimum
enerzy is achieved by rmaintaining the 5i-0-51 lines as straisht

lines »r Ly allowinz them t- bend,

Assumed Structure

On the basis of the generally accepted structure for vitrecus
silica, it was assumed that in the undisturbed state each Si ion

is surrounded tetrahedrally by four O icns, and
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that the line drawn from a Si ion to any nne of its four
neighboring oxygens will, i1f nroduced, go through ansther
oi ion which is itself surr-unded tetrahedrally by f»Hur
oxycens,

On ceformat.on it 1s assumed that the network of Si
ions cdoes not distort but merely recduces uniformly in linear
dimensions. The possibility is assumed that an sxygen ion,
originally lying at the exact midpoint of the line joining
two neighbnoring Si iosns, moves sut of line as the Si ions

start moving together,

Relationshins Between Neighbors

For tihe nurnosse >f tae energy calculations it is necessary
i-eally to know the distance between e¢ach i9n &and every other
ion, Since in a glassy structure, in contrast t» a crystalline
structure, there is considerable rancomness »f structure beyonc
the second »>r tiird nearest neighbor, it is probable that a
fairly zood a-nroximation »f tho energy erising from the Coulomb
intersctions can be obtained by iimiting attention to a fairly
close groun of neighbors around each i1on, s> chosen that the
structure o>utside this gzgroup is electrically neutral,

In the undisturbed state the following neighbsrs will be
considered. wsach 5i 1on has four oxyzens at distance a and
four 51 at cistance b where b is equal to 2a, Further out

there will be twelve oxygzens at a distance d where

d = A[E;: a (1)
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Of these we cnnsider only s=ix which means that the net
charge on the neighbors is -4 which exactly balances the
charge of plus 4 »n the silicon and leaves a neutral mass
surrouncing these neighbors, The contribution »f this neutral
mass 18 assumed to be zer» on the average,

Arbund each oxygen there are two closest silicon ions

at a distance a and six oxygens at a distance ¢ where
c = 2:46 a (2)

Of these silicons at distance d we count only 3/2 in

order t» maintain neutrality outside these neighbors, On
distortion we d> not as.ume that b 1s equal to 2a but do
assume that on the average
c=g'§"za (3)
This is equivalent to saying that after distorti»sn each
silicoan is still surrsuncded tetrahecdrally by four oxygens
althouzh the Si-0-L1 lines are no longer straight,

The quantity d will now involve ®oth a and b, 92n the

average it will be assumed tiat d is <iven by

d“”“b“%& ()

This averaging of distances t»o second nearest neighbors

seems justified because of the rancomness »f a glassy structure

as contrasted to the definite periodicity of a crystalline

structure,



Energy
The energy of the lattice arising from the Coulomb inter-

ections 1is

3 2 e {, (5)

where e is the magnitude of the charge on an electron, Zn is
the number of plus charges carried by ion n and(p~is the
potential at the location »f isn n arising from all its
neighbors., The 1/2 arises becauses in this summation every
ion v»air is considered twice,

The energy per SiOg molecule will therefore be

5 ZL;e (.. + 2(-20) q‘,‘g (6)

where(?;is the average value of the potential at a silicon

.

location, This may be written

On the basis of our »revious assumptions concerning neighbors
G mHZrube -6z
b d

B8 +16 -1
a b

" =2 o - 6 2¢ +
Jo a 3
+

n

=e(

)
s
6

- ei§ B %Q I) (8)

a

W

This gives for the energy per Si0Og molecule
2es (-]éé_ + 16 + lg = 18)
a c d

or .e9%. (-ég + 32+ 24 - 36 )
a b ¢ d (9)
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Contribution of Repulsive Terms
The adove magnitude becomes increasingly negative as

the network shrinks in aize., A minimum value for the energy
is possible because of the repulsion between ions which arises
at small cdistances of separation and whose magnitude is
frequently aporoximated by an expression s>f the type

A

rv (10)

wheren, may be in the neighborhood of 10, Since this falls
off so rapidly with distance, not t-»o much error .s introduced
in considerins interactions only between nearest neighbors,
In this case the energy per molecule arising from this source
is of the fom

e®B

an-l (11)
where B 1s a constant and a is the silicon-oxygen distance,
The factor e® is included in the constint merely for convenience
in combing this repulsive energy with the Coulomdb energy given
in equation (9), Thc repulsive encrgy (11) addcd to the

Coulomb cnergy (9) has a minimum valuc for some valuc of a

which i1s tho zero pressure equilibrium valuc »f a,

Relations Bectween Encrry and Prcssuro

As shown, [or instancec, in Chapter II »f Seitz' Modcrn
The~ry of Solids® the reclation butween the pressure, cnergy

and volume of a solid is

®Frcdurick Scitz, The Modcrn Theory »f 5511ids, McGraw-Hill Book
Co., New Ynrk, 1940
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Under zern pressure the solid reaches a state »f minimum

enerny vhere

E =
- 0

The connectinon between energy and volume as deduced from
our previous calculation enables us t» assign a pressure to
each volume state »f the glass,

T> compute the comrressibility in any state we use the

relation
3
¢E = 1
aV 973

where /4 1s the comoressibility, 1In this formula E is the
encrzy ner nnle anc V 18 the molsr volume, The connectisn be-
twe:n V and the quantity b we have becun usin:; is obtained by
usinz the fact that V is nromortisnal t» the cube ~f b and the
fact that we «now from exneriment tie molar vol'ure of vitreous

8ilica in thec ''nstressed state,

ractors Determinin; the orm »f Network

In the f>2ilowin, calculations 1t wili be ascumed that as
the network is co mressed there 13 nd> distortinn >f the nart
>f the network which cons..ts osnly of 51 ions but =merely a
shrinkaze, There 135 allowance, nowever, for a benéding of the
51-0-Si lines and this is handled as follows,

A value »f the quantity b is as.umed which is the closest
Si-S1 spacing, Vaiues of B anc n fo>r tih constents in the
repulcion cnergy term are also assumed, Then for each value »of

b a serics f values of a 13 taken whose smallest value is 2
2
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and the energy of the network is computed, That velue of a
which makes the energy a minimum for the value »>f b chosen is

| taken as the correct one., Thus, the bending or non-bending
of the S1-0-Si lines (b less than 2a or b equals 2a) is merely
a matter of what configuration gives the lowest energy for the

value of b selected,

Results

As a start it was assumed that the Si-Si spacing in the
unstressed state is 3,24 A, For want of any very good informa-
tion the assumption was made that silicon and oxygen ions repel
each other according to an inverse eleventh power law or that
the energy arising from this effect varies as the inverse tenth
power of the senaration,

First it was assumed that B has that value which makes
the energy a minimum for a silicon-silicon distance of 3,24 A,
When this value was used, it was found that for the entire
range o>f compressions covered in Bridgman's work, the energy
relations required that the oxygens lie along the silicon-
silicon line, This, as would be exvected, gave a comnressibility
which slowly decreased with increasing pressure, The Si-0-Si
lines did not bend until the volume decreased considerably
greater than that actually investigated., In units such that

e2B
10
a

has the dimensions of ergs ner S10, molecule this value of B is

about 120,
The explanatisn of this is very probably that, because of

the s-mewhat random manner in which vitreous silica or any gla.:

T Y N R My K O B2 ey
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is put together, the Si-0-S1 lines are not straight t-> begin
with as they woulcd be in the high cristobalitc structure but.
are already sli‘htly bent and ready t»> bend ™sre immediately
when nressurc is anplied, This means that the unstressed

statc daes nat corresnvond to> a minimum energy state within the

framework »f the simple assumptions mede., The effect of the

rancom structurc »f the gla.s is, in fact, el~ost as .f the
i6eal strvcture, at first ass'med, werc subjected cve:n at zero
nres.urc t- a prescure.sufficient t-» bend the vi-0-Si lines
slishtly,.

The nctwork wes then trcated as .f, at tioe cquilibrium
spacing of 3,24 A, 1t werce under such a nressure that, on
increasing the ~resswre, the S1-0-51 lines w»>:ld start bending
within the range covered by the experiments,

A value 5f 160 for B required that even at a »i-5i spacing
of 3.24 A the S1-0-Si lines wev e clready bent, A valuc of
1,f meant that the¢ 51-0-Si lines remaincd .traicht on compression
until the Si-oi cdistance was recuced from 3.24 A to 3,224 A;
on further cn-nres:iosn, minimum cnergy was achicved by displacing
the »xysen i1on from this line Sut keening it in tie plane which
vernendicularly bisect.d the line,

feom 3,24 until the linc starts to bend, there 18 a
slight decrease in compressibllity, At the nnset of bending
there .s a s»dden c.iscontinust's change in compressibility
to a considcrably higher value which on further compression
slowly starts to decreasec, Th. suddenness »f the increase
in compressibility i1s not in agrcement with e:periment, The

zradualness actually founé is again nrobably caused by
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the randomhess of the vitreous structure, This randomnese
probably results in a different dogree of bending of the
various S1-0-S1 lines throughout the structure, Incrcase

in co"pressibility arises only whon tho lincs start bending,
It would then seem rcasonable to assume that in tho n-srmal
state some of theso lines are straight end soine slightly bent,
Increase in proszsure increasos thc number actually bent, and
this gradual onset of boending gives rise to the slow rather
than sudden incrcase in compressibility,

Conclusions
Sincec compressibility of vitreous silica starts to

increase irmmcdiately on increase of pressure, the calculations
would indicate that under sero or stmospheric prossure
thore is alrcady so>mc bending of the £1-0-34 lincs,

Bocavse thc incroase in compressibility is gradual
rather than suddon, it might be concludnd that theroc 1is
some randomness in the degroe of bonding of the S1-0-51 lineos,

Those conclusions arc¢ based on calculations using a
purely lonic mnhdel, and no attcmpt has been made tc ostimate
what thc c¢ffuct of some degruc of covaloncy in thc S1-0
binding might bc,
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